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Abstract

This is a report on collaboration project within the Strategic Application Program (SAP) at
NCSA. It describes progresson modifying the programming tools at CEG used for computer
assisteddesign (CAD) of scalablespin-qubit circuits basedon multiple quantum dots. It provides
brief sciertic framework as well as an overview of the physical and numerical model. Then
modi cations and improvemerts to the code basedon utilization of PETSc are listed. Then new
and old codes are bendhmarked on three NCSA computer clusters. The speed-up of the code is
considerable:about 10 times for the eigervalue solver and 2 times for the Poissonequation solver.
An example of code application towards quantum dot modeling is also given. Finally, conclusions

and recommendationsfor future work are provided.



I.  SCIENTIFIC  CONTEXT

One of the greatestsciertic and engineeringchallengesof this decadeis the realization
of a quantum computer. In this context, a solid-state systemis highly desirablebecauseof
its compactnessscalability and compatibility with existing semiconductortechnology In
guantum computing, the basicinformation unit is a quantum bit or qubit, i.e. a physical
object that can be represeted as a superposition of two basisstatesin a 2D Hilbert space.
For this purpose,the useof spin states(S) rather than charge-statesasqubit in semiconduc-
tor materialsis relatively appealing becauseof their relative insensitivity to electric noisein
the deviceervironmert.

For singlespin operations, carrier con nemert is a major issue. The ability to manipulate
the spin S of electronsby combining gate electradesand magnetic elds providesthe neces-
sary ingredierts for cortrolling spin-qubit operationsin nanoscaledevices.This scenariohas
the advantage of relying on establishedsemiconductorfabrication techniques, while semi-
conductor materials enjoy long spin coherencetimes, which is of utmost importance for
preservingquartum information during many qubit operations[1, 2].

There are presenly seeral proposalsfor realizing a Control-Not (C-NOT) gate, which
is the fundamenal circuit elemen for quartum computation with spinsin semiconductors
[3]: Among them, the Loss-DiVincenzoschemeis basedon the manipulation of electron
spinsin coupledquartum dots [4]. This proposalis basedon the electric cortrol of a singlet
(S=0) - triplet (S=1) transition through quantum medanical excdhangeinteraction amongst
electronsby external electric eld in con ned nanostructures.

Howeer, the experimertal realization of a solid-statequartum deviceremainsa challenge
for which the interplay betweendevicegeometryand electrostatics,material parametersand
spin physicsshould be integrated into a realistic sheme. Consequetly, there is a needfor
comprehensie high-performancecomputer tools capableof simulating quantum operations
within the device environment while describingthe microscopicreality of quartum e ects

in nanostructures.



Il.  NUMERICAL MODEL

Our computational approad relieson a 3D self-consisteh Poisson{Kohn-Shamsdeme
basedon the spin-dependen density functional theory (DFT) with local density appraxima-
tion (LSDA). This codeis particularly well suitedto model microscopicquantum many-body
phenomenawithin the device ervironment. The electronic states and eigenlewels of the
electronsystemare obtained by solving Kohn-Shamequationstwice - oncefor electronswith

spinsup (") and then for electronswith spin down (#) [5]:
H" "(#)(r) = "(#)(r);

where Hamiltonian H"® is given by
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Here M is the electronsmass,A is the vector potential correspnding to the uniform mag-
netic eld B, gand g = eh=M c arethe Landefactor and e ective Bohr magneton, ,.(r)is
the LSDA exdange-correlationpotential [6], and (r) is the electrostatic potential deter-

mined from the solution of the 3D Poissonequation:

rnr Ol= ()
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wherechargedensity (r) isequalto e p(r) n(r)+ N5(r) N, (r) . Here"(r) is the per-

mittivit y of the material, p(r) is the holeconcerration, n(r) the total electronconcertration,

NS (r), N, (r) are the ionized donor and acceptorconcertrations, respectively. At equilib-
rium, the electron concerttrations in the quartum dots for ead spin are calculated from
the wave functions obtained from the Kohn-Sham equations,i.e. n"®(r) = P ) ’
Outside the active dot region, Thomas-Fermi distribution is usedin a rst appraximation.

Hence,the electrondensity is locally a function of the position of the conductionband edge

E.(r) with respectto the Fermi level asopposedto electronsin the active region(quantum

dots) that are calculatedfrom the occupation of the quartized 0D eigenstatedor which the
wave function decas to zero at the device boundaries. The various gate voltages deter-
mine the boundary conditions for the Poissonequation. Speci cally, Dirichlet conditions
are imposedon the top and bottom surfacesof the structure. For the lateral surfacesvan-
ishing electric elds (von Neumannboundary conditions) or periodic boundary conditions

are assumed?7].



[11. INITIAL COMPUT ATIONAL APPR OACH

For simulation, the deviceis mapped onto a 3D non-uniform meshthat is necessaryto
simulate relatively "large" devicefeatures( 0:1 m), andyet resol\e nanometer-sizedletails
in quantum dots area. Both the Poissonand Kohn-Sham equations are discretized using
the nite elemen method with trilinear polynomials. The self-consisteh system of donor
chargeswith the electron chargesand spinsis solved iterativ ely using the Newton-Raphson
method. The Kohn-Sham equation is solved using subspaceiteration method basedon
Raleigh-Ritz analysis (small number of required eigenpairsmade this approad su cien t),

while the Poisonequationis solved by using a conjugategradiert method [8].

IV. ACCOMPLISHMENTS

In the modi ed code, solution was performedon a parallel platform still usingthe nite
elemen method. Parallel conjugate-gradiet method preconditionedwith block Jacobiwith
an incomplete LU factorization on the blocks was utilized for solving resulting matrix equa-
tions. We use preconditionerssupplied by PETSc [9]. In presenceof magnetic eld, the
matrix obtained from Kohn-Sham equation is Hermitian and hermitian-conjugate method
with the same preconditioner as above had to be usedto solve eigervalue problem. We
found that comparedto ordinary conjugate gradiert method with Jacobi preconditioner,
this approad givesriseto at leastan order of magnitude increasein performanceesgecially
when dealing with Hermitian matrices.

Parallelization of the code hasbeenimplemerted in the following way. When the matrix
(obtained form either Poissonor complex Kohn-Sham equations) is given to PETSc for
solving, it is input into a parallel data structure. The solve is donein parallel, and solution
is returned to ewvery processor.Then ead processorruns the serial code until it encourters
another PETSc solwe, when the above processis repeated. In other words, basically every
processorruns exactly the samecode until it getsto the solwer, and then they ead use
di erent portions of the matrix to corribute to a parallel solwe, the result of which is

returned to a serial vector on ead processor.



TABLE |: Comparison between original code and modi ed one. Calculations are performed on

Tungsten. All times are in sec.

Eigenvalue solve Poissonsolve Total CPU time
Original code 12 90 8430
Improved code 1.10 53.4 3930

V. RESUL TS AND APPLICA TIONS

A. Performance Comparison

In order to gagethe performanceimprovemerns, we performed comparisoncalculations
on various clustersat NCSA. We useda particular problem of nding eigensgctrum of an
empty vertical quantum dot with elliptic con nement potential in perpendicular magnetic
eld. While this problem may not be the best possibleexampledemonstarting performance
improvemeris of the code, it convergessu cien tly fastto getresultsin a reasonableamourt
of time.

We rst compare CPU times of the original and modi ed code on a single processor
(Table I). Calculations are done on Tungsten cluster at NCSA. One can immediately see
that performanceof the hermitian conjugategradiert solver is improved by about an order
of magnitude. This is due to two reasons: (1) more sophisticated implemertation of the
conjugategradiert method in PETSc, (2) utilization of the preconditionerin PETSc solwer.
The secondreasonis probably a more important one. Performanceof the Poissonsolver is
alsoimproved but only by about 50 %. This is probably due to utilization of the complex
PETSc solver for real matriceswhich is not the best possibleapproad. This is donein order
to simplify the coding; otherwise, dynamic linking of real and complex PETSc libraries is
required. It takes27 (416) Poisson(Rayleigh-Ritz) iterations to achieve corvergencein this
example,the rest of CPU time (about 1500sec.) is usedfor IO operations which remains
constart in both versionsof the code. Hence,only two times di erence in total CPU time.

Next we considerparallel scalingof the improved code on Tungsten,Copper and Mercury
clustersof NCSA. On a single processor,eigervalue solver (Fig. 1) is fasteston Tungsten
which is not surprising dueto its sheerclock speed. CPU time is decreasingvhenmore pro-

cessorsnvolved in computation, as expected,and for four processorst becomecomparable
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FIG. 1. CPU time required on various clusters at NCSA to perform one Rayleigh-Ritz iteration.

at all three clusters(about 0.75sec.). Afterwards, CPU time on Copper and Mercury con-
tinue to decreasewith increasein number of usedprocessorswhile CPU time on Tungsten
is increasing. For 16 processorgt takesabout 3 sec. of CPU time on Tungstento perform
one Rayleigh-Ritz iteration which is far worsethan single-pracessorperformancebut still

much better than the original code timing (seeTablel). Times at Copper appear to have
readed saturation at 10 processordimit. Mercury exhibits the most curious behavior. It

can be obsened from the output le that the time requiredto perform rst Rayleigh-Ritz
iteration is by far the largest (probably due to comnmunication with other processors).If we
excludethis iteration, then CPU time decreasewery noticeably, and at 16-processorimit,

it becomeghe smallest(seeFig. 1). Taking all iterations into accoun, howewer, resultsin
a considerabledecreasef code performance.

Single-pracessortiming of the Poissonsolver (Fig. 2) is similar to that one of the eigen-
value solver. Howeer, with increasingnumber of available processorghe results deviate.
Curiously, Tungstentimes remain constart up until 4 processorsand then start to decrease:
in 16-processorcase,it takesabout 30% time of the single-pracessorcalculation. CPU times
on Copper and Mercury scalewith a processomumber linearly up untill 4 processorsand

then slowvly go to saturation. Mercury is the worst performer here: even on 16 processors,
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FIG. 2: CPU time required on various clusters at NCSA to perform one Poissonsolve.

its averageCPU time is only about 55 sec. and is almost equalto the single (or four) pro-
cessorfTungstensolve. For 16 processorgCopper and Tungstenare identical in performance,
though a serial solve on Copper takes4 times longer.

The performancedemonstratedfor eigervalue and Poissonsolvers sumsup in total con-
sumedCPU times shawn in Fig. 3. Total CPU time on Tungstenis about 4000sec. and
virtually independert on the processornumber. This is probably due to the increasein
CPU time for eigervalue solve which is compensatedby the decreasan time required for
the Poissonsolwe. The times obtained at Copper and Mercury shaw linear scalingtill we
have 4 processors,and then they saturate suggestingthat interprocessorcommnunication
and IO operations becomedominart. Curiously, on 16 processorsall times asymptotically
approad the samelimit of about 4000sec.which is about equalto CPU time on Tungsten.

From the above comparisonswe can concludethat (1) the version of the code utilizing
PETSc givesa marked improvemerts over the original code, in particular for the complex
eigervalue solwe, and (2) all three NCSA clustersreactdi erently on PETSc solversusedin
the code. Tungstenappear to produce the most erratic performanceresults, while Copper
and Mercury behare in an expectedway, that is, linear scalingof CPU time with processor

number at small number of usedprocessorsand then saturation. Betweenthesetwo, Copper
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FIG. 3: Total CPU time required on various clusters at NCSA to solve the test problem.

appearto be having a slight edge(more stable). Also, one can seethat the optimal number
of processorsn this exampleis equalto four; if moreis used,interprocessorcommunication

time becomean issueand there is no tangible gain in performance.

B. Application Example: Single Vertical Quantum Dot in Magnetic Field

The drastic speed-up of the code allowed us to considera wide range of physical and
engineeringproblems. Here, we apply it to study addition spectra and charging diagram
of a rectangular quantum dot in magnetic eld [10]. In sud a structure con nement in
lateral directions is createdby applied gate bias while in vertical direction it is ensuredby
double-barrier heterostructure. By varying gate bias, di erent number of electronscan be
admitted one by onein the quantum dot. This particular problem is of interest as single
guantum dots canberegardedas"building blocks" for a scalablequantum computer. It also
demonstratesmajor featuresexpectedfor a double-dotsystemswith two con ned electrons.
Namely singlet-triplet separationis positive at zeroth magnetic eld, changessign at some
particular value of the eld, and then asymptotically approad zeroin the limit of a very

strong eld. Sud behavior of two electron systemshould in principle allow greater cortrol
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FIG. 4: Charging diagram in magnetic eld. Solid lines divide regionswith ground state electron

con gurations while the dashedlines correspond to charging in the lowest excited states.

over the value of exdhangeinteraction necessaryor realization of basicquarntum computing
(seeSectionl).

The results of calculationsfor small number of electronsN < 6 are shown in Fig. 4. The
curvesin this plot are boundariesseparatingdi erent stable charge con guration regions
wherenumber of electronsin the dot is constart. As biasvalueincreaseqgdecreasesn abso-
lute value), the levelsgo down allowing larger number of electronsto be presen in quarntum
dot. On the other hand, as magnetic eld increaseswe note the generalupward trend of
thesecurves. This is becausee ective con nemen is madestronger,and it is requiresmore
positive gate biasto admit an electronin the dot. Coulonb repulsion (screening)givesrise
to an e ectiv e decreaseof the con nemernt strength with an increasingnumber of electrons
in the QD. This is also seenin Fig. 4 as a decreasein separation between consecutie
curves. We also note that this separationis, in general,also decreasesvith magnetic eld.
This could be understaod in terms of the Fock-Darwin spectra (2D harmonic oscillator in
magnetic eld), whereseparationbetweenenergylevelsbelongingto the samelLandau band
decreaseslue to enhancedocalization of electrons.

As it is well-known from atomic physics, external magnetic eld not only changessepa-

ration betweenenergylevels but also causesspin rotations to minimize total energy Our
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FIG. 5: Electron density for N = 4at (a) B = 4T, and (b) at 8 T.

spin-density-functional approad is particularly suited to treat this kind of problems. In
addition energyspectra, the changesin spin states are evidert as kinks (shovn by arrows
and diamondsin Fig. 4). Thesetransitions are due to two competitive e ects: when elec-
trons with the samespin presen in the system, the total kinetic energyincreasesdue to
Pauli exclusionprinciple), while exchangeenergybecomesnore negative. Note that at some
particular value of magnetic eld, the electron systemalways becomesfully spin-polarized
(all spinsoriented in the samedirection). Thesetransitions are depicted by the right-most
arrows in Fig. 4. The value of this critical eld is increasingwith N asit takes stronger

eld to overcomeincreasedkinetic energysothat the state with largesttotal spin become
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lowestin energy

The transitions in spin states can be further understood by consideringwave function
ewlution. We illustrate this by plotting electrondensity N = 4 at two di erent valuesof
magnetic eld (Fig. 5). We seethat as eld increasesglectron density localization is also
enhanced.We also note that the pro le of the density is also changed: two large "humps"
at 4 T (Fig. 5a) are replacedby four smaller "hills" (Fig. 5b). This is due to fact that at
4 T the electronsoccupy two lowest orbitals (two electronshave spin up and two down),

while four spin-up electronsat 8 T are now in four lowest orbitals.

VI. CONCLUSIONS AND RECOMMEND ATIONS

In this report modi cations and improvemerts to the existing CAD code basedon PETSc
implemertation are described. Performancesof new and old codeswere comparedon three
computerclustersat NCSA. The overall speed-upof the code demonstratedon oneparticular
exampleis considerable:up to 10times for the eigervalue solver and 2 times for the Poisson
equation solver. In other casesobsened increaseis even greater.

While the code is by no meansis up-to-scratd (it could be further sped-up by optimizing
IO operations and interprocessorcomrunications), the largest problem now is the visual-
ization of produceddata. When one or more parametersare changedat the sametime (for
example, magnetic eld in the exampleabove), and it is necessaryto monitor changesin
se\eral key characteristics of the simulated device (such as potential, wave-functions,etc.),
it quickly becomesa major issue. This is where cortinuing collaboration with NCSA could

be the greatestasset.
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